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Problem 1. [4+5=9 Points]

1) Let X C A" be an affine algebraic set and let y € A™ be a point, such that y & X.
Show that there exists a polynomial F' € I(X), such that F(y) # 0.

2) A topological space X is Hausdorff if for any two distinct points x,y € X, there exist open
subsets U,V C X, suchthat x € U, y € V,and U NV = 0.

Let X C A" be an affine algebraic set endowed with the Zariski topology.

Show that if X is Hausdorff, then X is a finite union of points.

Hint: Consider the decomposition of X as a union of its irreducible components.
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Problem 2. [1+2+3+2+6+2+3=19 Points]

Let K be an algebraically closed field.
Let L = {(t,t,t) | t € K} be a subset in A3 = {(z,y,2) | z,y,2 € K}.

1) Show that L = V(X —Y,Y — Z). In particular, L is an affine algebraic set.
2) Consider the homomorphism of K-algebras
0:K[X,Y,Z] = K[T|,X > T,Y = T,Z  T.
Show that (L) = Ker 6.
3) Show that I(L) = (X —=Y,Y — Z).
4) Show that L is isomorphic to A! and find dim L.
5) Denote by U the open subset A3\ L in A3.
Let f be a regular function on U (that is f € Oys(U) = A(U)).
Show that there exists a polynomial F' € K[X,Y, 7], such that f(a) = F(a) for every a € U

(that is f = Fjy).

6) Denote by i : U — A? the natural inclusion.
Show that i* : A(A%) — A(U),g+> goi= gy, is an isomorphism of K-algebras.

7) Show that U is not isomorphic to an affine algebraic set.
Hint: Assume that there is an isomorphism ¢ : V' — U, where V is an affine algebraic set.
Consider the composition i o : V — U — A3,
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Problem 3. [24+5 = 7 Points]

Let U; := {[zo : @1 : wo] € P? | x; # 0},47 =0, 1,2, be open subsets in P? and set U := UyNU;NUs.
1) Explain why the map

0:U—=U, [xg: 21 x2) = [m129 : Tog @ To21],

is well-defined and is a morphism of quasi-projective algebraic sets.
2) Show that ¢ is an isomorphism.
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Problem 4. [8+7=15 Points]

1) Let X C P? be a projective irreducible conic (that is dim X = 1 and deg X = 2).
Show that there exists a hyperplane H C P? containing X.
Hint: Use Bézout’s Theorem.

2) Find an example of a projective irreducible cubic X C P? (that is dim X = 1 and deg X = 3),
which is not contained in any hyperplane H C P3.

Hint: Let vg : P* — PV be the Veronese embedding of degree d. You can use that

degvy(P™) = d™ (this was proven in the exercises).
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Problem 5. [6-+8=14 Points]

1) Let F = X?+Y2—-27%and G = X?2+Y?—-Y + Z?2 be two irreducible polynomials in
C[X,Y, Z]. Let W C A} be an affine algebraic set defined by the equations F' = G = 0, that is
W = V(F,G). One can check that W is irreducible and dim W =1 (you can use this without
proof).

Find the set W*"9 of singular points on W.

2) Let X and Y be two different irreducible hypersurfaces in A™. Assume that both X and Y
are smooth.
Show that (X UY)*™ = X NY.
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